Math 2A — Chapter 13 Test — Fall 07. Name
Show your work for credit. Write all responses on separate paper. Do not abuse a calculator.

1. Evaluate gSydx—xdy around the ellipse x=2cos¢, y=3sint, 0<t<2x
C

2. Consider a tetrahedron with vertices at Po=(0,0,0), 1 =(1,0,1),P>,=(1,0,-1),
and P;= (L, 1,0). Find the flux of F =(y,0,0) through

a. the face PyP1Ps.
b. the face PyP1Ps.

1

Let f(x,2)=1/p=——z
( ) X2+ 7+ 2°
a. Calculate F =Vf and describe the gradient field geometrically.

b. Calculate the flux of F over a sphere of radius a centered at the origin.
c. Show that div(F):O.

Does the result of (b) then contradict the divergence theorem (Gauss’ Theorem) ? Explain.

4. show that div( fV7)=[V7| + fv2r

5. Evaluate the surface integral ”\/1+ x*+y*dS where S is the helicoid with vector equation
N

r(u,v)z(uCOSv,usinv,v> and 0<u <1, 0<v<r.

6. Let F:<aSinz+bxy2,2x2y,xCOSz—zz>

a. Compute, in terms of the constants « and & the work done by the vector field F along the
portion of the helix 7(¢) =(cosz,sint,¢) from (1,0,0) to (1,0,27)

b. Compute curl(F). Show that F is conservative only if a = 1and b = 2.

c. Find the potential function for £ using a = 1, b = 2 and verify your answer to part (a)
using the Fundamental Theorem of Calculus.

7. Evaluate _U xdS where S is the part of the plane z = x that lies above the square
N

with the vertices (0,0), (1,0), (0,1) and (1,1).
8. Let F :<2xy324,3x2y224,4x2y323>, Evaluate jﬁ% where C is the elliptical path
C

7(t)=(cost,sint,cost)



Math 2A - Chapter 13 Test Solutions — Fall 07

1. Evaluate Cﬁydx—xdy around the ellipse x =2cos¢, y=3sint, 0<¢t<2x
C

SOLN: § ydx—xdy =" ~6sin’(~6cos’tdr = | ~6dr =127
C

You can apply Green’s theorem here, if you like:
3 2
Cﬁydx—xdy = 4><y —x> dr = J.J.(—l—l) dA = —2J._22 J-23J4J4_—;2 dydx = —6J.22 N4—x*dx=-127x
c D 2 -

C
2. Consider a tetrahedron with vertices at P, = (0, 0, 0), P; = (1, 0, 1),

P;=(1,0,-1), and

P3=(1,1,0). Find the flux of F=(»,0,0) through

a. the face PoP1P;.
SOLN: This face is contained in the xz-plane and since the field
vectors are parallel to this plane, there is no flux through that plane.

b. the face PoP1Ps.
SOLN: A normal to this face is

RExPP,=(1,01)x(11,0)=(-111).
[ F-Ads = [[(»,0,0)-(-111)d4 = [[-yda

N S

Thus L 2 .
[ [ e =- [ ax--2

As a follow-up, it may be noted that the flux through the face PoP,Ps is also —1/6, by symmetry. Thus, if
Gauss’ divergence theorem is to be believed, since the divergence of the vector field is zero, the flux

through the face P1P,Ps must be 1/3. Let’s see: BF, x BP, =(0,0,-2)x(0,1,-1)=(2,0,0), so the unit

normal is <1,0, 0) which makes sense since this face is in the plane x = 1. So the flux through that face is
1

: . B oty it L, 21

indeed ijF-ndS _jsj<y,o,o>-<1,o,o>ds _jsjyds ‘HH ydzdy _joy(z—zy)dy =y == =3

0

1t
X2 +y° 427
a. Calculate F =Vf and describe the gradient field geometrically.

SOLN: w<__y_>
PP

b. Calculate the flux of F over a sphere of radius a centered at the origin.
@F-ﬁdS :@<—sm¢2cos¢9 : _S'meg , _C025¢>-<sin $Cos,singsin 9,cos¢>dS
N N a

3. Let f(x,y,z)zl/p:

a a
) s NN 2 s 2 0 2 2
SOLN: _—ZJ' j (sin” pcos” 0+sin” gsin® 0+ cos” ¢ ) a® sin gdOd
a? Jo Jo

=~[7ao[ "singdg=-27(2)=-4x



c. Show that div(F):O.
Does the result of (b) then contradict the divergence theorem (Gauss’ Theorem) ? Explain.
_ _ _ _ 3 3 3
div(F):<i—xi y 0 Z>_ p+x3x,0+ P +y3yp+ p +z3zp

6x 3’8 3’62 3 6 6 6
SOLN: p’ oy pPozp P P P
—3p3+3(x2+y2+zz)p -3p° +3p%p

The equation of the divergence theorem is that @F-ﬁdS = ﬂiﬁ-fdl/ which in this case evidently
S E

leads to the contradiction, -4z =0. However, this does not contradict the theorem since a premise

of the theorem is that the vector field have continuous partial derivatives on an open region

containing E. This vector field is not even defined at the origin, never mind having continuous
partials.

. Show that div(f@’):‘WrJerzf
div( /N )= div(( 0 By 1)) = M+ S S 4 S+ S S+ B+ S =

SOLN: L
= (St Sy + L) (S b 1) fo 0 1) = V21 + [V
Evaluate the surface integral H\/1+ x*+y*dS where S is the helicoid with vector equation
N

r(u,v)z(uCOSv,usinv,v> and 0<u <1, 0<v<r.

7, x 7;| =[(cosv,sinv,0) x(-usinv,ucosv,1)| =|(sinv,~ cos v, u)| = V1+u’
= Lj(\/uuz )2 ds =j0”j:(1+u2)dudv=%”

Let IT?:<aSinz+bxy2,2x2y,xCOSZ—22>

SOLN:

a. Compute, in terms of the constants a and 4 the work done by the vector field 7 along the
portion of the helix 7 (1) = <COSt,Sint,t> from (1,0,0) to (1,0,27)
SOLN:

= — 2r . -2 2 . 2 2 .
J‘cF'd”:J‘o <asmt+bcostsm t,2c0s?tsint,cos’t —t ><—S|nt,cost,1>dt:

N .2 .3 3, 2 2
=1, —asin“¢t—hcostsin®t+2c0s #Sint +cos” t —¢°dt

. 2 2 27 . 2z 3 2z 3
:_a(i_sm 2t] —b(lsin“tj +(—£cos4 tj +(£+Sm21j L :(1—a)7z—8l
2 4 ), \4 . 2 o 20 4 ) 3 3

b. Compute curl F“) . Show that F is conservative only if ¢ = 1 and b = 2.

SOLN: curI(F) =(0,a€0sz—C0s z,4xy — 2bxy)=(0,0,0) only ifa =1and b = 2.



c. Find the potential function for £ using @ = 1, b = 2 and verify your answer to
part (a) using the Fundamental Theorem of Calculus.

f(xy,z)=xsinz+x%y’ —%23 = J-WdT” = J.O”W-<—Sint,COSt,l>dt
C

SOLN:
87’

=/ (x(27),y(27),2(27))= / (x(0), »(0),2(0)) ==
7. Evaluate .[J' xdS where S is the part of the plane z = x that lies above the square
N
with the vertices (0,0), (1,0), (0,1) and (1,1).
_ e _\/E
SOLN: ijds = |, ], x~/2dxdy = >
8. Let F =<2xy324,3x2y224,4x2y323>, Evaluate J'FTE where C is the elliptical path
C

7 (t)={cost,sint,cost)
SOLN: This is (almost obviously) the gradient field for the potential function f(x,y,z)=x’y’z*, thus

it is a conservative vector field and the path integral around any closed path is zero. It’s also possible to
compute the curl, which is also the zero vector.

Oh no! It seems some of you wanted to compute this thing directly...well: I’ll try:
- — 2z

_[F-drzjo <2cosstsin3t,3cosetsin2t,4c035tsin3t>-<—sint,cost,—sint>dt

C

2 5 cind 7 i 27 L2 N2 ., 2r .
=j0 (—6cos tsin” ¢ +3cos tSInt)dZZIO (—6(1—sm t) sin tcost)dt+fo 3cos’ tsintdt

= —6'[00 (l— u? )2 u'du— 3J.11 vidv=0



9.

10.

11.

12.

Another statement of Stokes’ theorem goes like this:
Let S be the graph of the function z = f (x, y) , where f(x, y) is defined on some region S* for which

Green’s Theorem is true. Further, let ﬁ(x, V, z) = <P(x, V, Z) , Q(x, V, z) , R(x, V, z)> be a vector field
on S. Then, under suitable differentiability and orientation assumptions, the following holds

cﬁf-fds:J'L§x17“-ﬁdS=H[(Ry—Qz)cosa+(Pz —Rx)cosﬁ+(Qx—Py)cos;/]dA

Where the directional cosine version of the unit normal, »n = (cos a,C0S f3,C0s 7/> is used.

Proof: According to the hypotheses, the surface S is given by z = f'(x, y) where f(x, y) is defined on
some region $* in which Green’s theorem is true. Let F”(x,y)=(n(x,»),£(x,¥)) be the vector

field on S* given by

n(x,y)=P(x,y. f(x.3)+R(x. 3. f (x.)) £, (x.)
£(x,)=0(x 3. f (x.))+ R(x, 3, f (x.9)) £, (x.3)

an _ P +Pf,+R f.+R f,f.+Rf,
y

2_4=QX+QZA+RXA+RZAA+%
X

Note that this means

2

Since F = <y_ —2—y> =Vf where ="
X

2
, the work done by the force field ' in moving an

2
X

object from (L1) to (4,-2) is f(4,-2)~- f(11) = ~(-2) - = 0.

If F= <x2 -V, X+ y2> then the counterclockwise circulation of F around the triangle with vertices
(0,0),(1,0),(12) is, by Green’s theorem, §>F dr J'J'——g—PdA = J'J'ZdA =1..Joule, or some of
Y D

energy. The outward flux is
§F-nds =ijv-FdA :ijszrzydA = [[[[2x+2ydydv= [ 3%dv=1.

a) A field is conservative if its curl is zero. Here,
[ j k

curl(ﬁ): 9 9 9 =0-0—-e"siny+e*siny =0, so yes, it’s conservative.
ox oy oz

e"cosy —e'siny z

b) For f(x,y,z)zxy+xz+yz+17, W:<y+z,x+z,x+y>



13.

14.

15.

16.

The line segment joining (0,0,0) and (0,3,4) can be parameterized by 7(r)=(0,3¢,4¢), 0<¢ <1.
Thus [x*dx+ yzdy + ydz = [ 361° +361%dr = 24.

The sphere can be parameterized by 7(9, ¢) = <a sin ¢ cos @, asin ¢sin @, acos ¢5> so that a normal
vector is given by
[ j k
7, X T, =|—aC0S$cosd acosgsing —asing| = <azsin2 $cos@,a’sin’ gsin @, a’ cos gsin ¢>.
—asingsin@ asingcosd 0

Evaluating the vector field F(x,y,z)= <zx,xy, 22> on the surface of the sphere we have

F(asin ¢cos@,asin ¢sin6,acosg) = <a2 C0S ¢Sin ¢ cos O, a’ cos¢sin ¢sin @, a’ cos? ¢>
So the integrand for the flux integral is
<a2 COS @sin ¢cos @, a’ cos gsin ¢sin 6, a’ cosz¢>.<azsin2¢cose,azsin2¢sin 0,a’ cos¢sin ¢>

= a“(cos(,/ﬁsin’*¢cos2 6 + cos gsin® gsin’ @ + sin g cos® ¢): a4(cos¢sin3¢ +singcos® ¢).

Thus the flux is a“j:/zd&’j:/ cos¢sm ¢ +singcos® ¢)d¢_— Olzcos¢sin¢d¢: ra

The divergence (Gauss’) theorem says that the flux is

[[F-as =([[v-Fav =[[[2x+1av = [ [ [ (2psin gcos +1)p* sin gdpdad g

- I”J2”J02(2p3sin2 $Cos6 + p?sin ¢ ldpd O = I:I02”8sin2 ¢cos¢9+gsin ¢d6d =

16”_[ SII‘I¢d¢—32—ﬂ

By Stoke’s theorem,
[[VxF-idS = [F-dr= J':”<18cos2 tsint,(9cos? £ +16sin* t)m,sin(l)> (- 3sinz,2cost,0)dr
N oS

joz”(— 54c0s? rsin® ¢ + 2091 —sin®¢)+16sin‘ s cost)a’ _ joz”— 6sin? 21di +2j0°(16u4 — 9u® +9)du

=—z sin 2tdt_—£ 1- cos4tdt_—27—”.
2 b 4 Jo 2



