
Math 2A – Chapter 13 Test – Fall 07.   Name______________________________ 
Show your work for credit.  Write all responses on separate paper.  Do not abuse a calculator. 

 
1. Evaluate 

C

ydx xdy−∫  around the ellipse 2cosx t= , 3siny t= , 0 2t π≤ ≤  

2. Consider a tetrahedron with vertices at P0 = (0, 0, 0), P1 = (1, 0, 1) , P2 = (1, 0, – 1) ,  
and  P3 = (1, 1, 0).  Find the flux of ,0,0F y=  through 
a. the face P0P1P2.  
b. the face P0P1P3.  

 

3. Let ( )
2 2 2

1, , 1/f x y z
x y z

ρ= =
+ +

 

a. Calculate F f= ∇  and describe the gradient field geometrically. 
b. Calculate the flux of F  over a sphere of radius a centered at the origin. 
c. Show that ( )div 0F = .   

Does the result of (b) then contradict the divergence theorem (Gauss’ Theorem) ?  Explain.  
 

4. Show that ( ) 2 2div f f f f f∇ = ∇ + ∇  

 
5. Evaluate the surface integral 2 21

S

x y dS+ +∫∫  where S is the helicoid with vector equation  

( ), cos , sin ,r u v u v u v v=  and 0 1, 0u v π≤ ≤ ≤ ≤ . 
 

6. Let 2 2 2sin , 2 , cosF a z bxy x y x z z= + −   

a. Compute, in terms of the constants a and b the work done by the vector field F  along the  
portion of the helix ( ) cos ,sin ,r t t t t=  from (1,0,0) to (1,0,2π) 

b. Compute ( )curl F .  Show that F  is conservative only if a = 1 and b = 2. 

c. Find the potential function for F  using a = 1, b = 2 and verify your answer to part (a)  
using the Fundamental Theorem of Calculus. 

 
7. Evaluate 

S

xdS∫∫  where S is the part of the plane z = x  that lies above the square  

with the vertices (0,0),  (1,0), (0,1) and (1,1). 
 

8. Let 3 4 2 2 4 2 3 32 ,3 ,4F xy z x y z x y z= ,  Evaluate 
C

F dr⋅∫  where C is the elliptical path 

( ) cos ,sin ,cosr t t t t=  
 



 
Math 2A – Chapter 13 Test Solutions – Fall 07 

 
1. Evaluate 

C

ydx xdy−∫  around the ellipse 2cosx t= , 3siny t= , 0 2t π≤ ≤  

SOLN:  
2 22 2

0 0
6sin 6cos 6 12

C

ydx xdy t tdt dt
π π

π− = − − = − = −∫ ∫ ∫  

You can apply Green’s theorem here, if you like: 

( )
2

2

32 4 2 22
32 24
2

, 1 1 2 6 4 12
x

x
C C D

ydx xdy y x dr dA dydx x dx π
−

− −− −
− = − ⋅ = − − = − = − − = −∫ ∫ ∫∫ ∫ ∫ ∫  

2. Consider a tetrahedron with vertices at P0 = (0, 0, 0), P1 = (1, 0, 1),  
P2 = (1, 0, – 1) , and  
P3 = (1, 1, 0).  Find the flux of ,0,0F y=  through 
a. the face P0P1P2.  

SOLN:  This face is contained in the xz-plane and since the field  
vectors are parallel to this plane, there is no flux through that plane. 

b. the face P0P1P3. 
SOLN:  A normal to this face is 

0 1 0 3 1,0,1 1,1,0 1,1,1P P P P× = × = − .  

Thus                 21 1

0 0 0

ˆ ,0,0 1,1,1

1
2 6

S S S

x

F ndS y dA ydA

xydydx dx

⋅ = ⋅ − = −

= − = − = −

∫∫ ∫∫ ∫∫

∫ ∫ ∫
 

As a follow-up, it may be noted that the flux through the face P0P2P3 is also –1/6, by symmetry.  Thus, if  
Gauss’ divergence theorem is to be believed, since the divergence of the vector field is zero, the flux  
through the face P1P2P3 must be 1/3.  Let’s see:  1 2 1 3 0,0, 2 0,1, 1 2,0,0PP PP× = − × − = , so the unit 

normal is 1,0,0 which makes sense since this face is in the plane x = 1.   So the flux through that face is  

indeed ( )
131 1 1 2

0 1 0
0

2 1ˆ ,0,0 1,0,0 2 2
3 3

y

y
S S S

yF ndS y dS ydS ydzdy y y dy y
−

−
⋅ = ⋅ = = = − = − =∫∫ ∫∫ ∫∫ ∫ ∫ ∫  

3. Let ( )
2 2 2

1, , 1/f x y z
x y z

ρ= =
+ +

 

a. Calculate F f= ∇  and describe the gradient field geometrically. 

SOLN:  3 3 3, ,x y zf
ρ ρ ρ
− − −

∇ =  

b. Calculate the flux of F  over a sphere of radius a centered at the origin. 

SOLN:  ( )

( )

2 2 2

2 2 2 2 2 2 2
2 0 0

2

0 0

sin cos sin sin cosˆ , , sin cos ,sin sin ,cos

1 sin cos sin sin cos sin

sin 2 2 4

S S

F ndS dS
a a a

a d d
a

d d

π π

π π

φ θ φ θ φ φ θ φ θ φ

φ θ φ θ φ φ θ φ

θ φ φ π π

− − −
⋅ = ⋅

−
= + +

= − = − = −

∫∫ ∫∫

∫ ∫

∫ ∫

 



c. Show that ( )div 0F = .   

Does the result of (b) then contradict the divergence theorem (Gauss’ Theorem) ?  Explain.  

SOLN:  
( )

( )

3 3 3

3 3 3 6 6 6

3 2 2 2 3 2

6 6

3 3 3div , ,

3 3 3 3 0

x y z x x y y z zF
x y z

x y z

ρ ρ ρ ρ ρ ρ
ρ ρ ρ ρ ρ ρ

ρ ρ ρ ρ ρ
ρ ρ

∂ − ∂ − ∂ − − + − + − +
= = + +

∂ ∂ ∂

− + + + − +
= = =

 

The equation of the divergence theorem is that ˆ
S E

F ndS FdV⋅ = ∇ ⋅∫∫ ∫∫∫  which in this case evidently 

leads to the contradiction, 4 0π− = .  However, this does not contradict the theorem since a premise  
of the theorem is that the vector field have continuous partial derivatives on an open region  
containing E.  This vector field is not even defined at the origin, never mind having continuous  
partials. 
 

4. Show that ( ) 2 2div f f f f f∇ = ∇ + ∇  

SOLN:  
( ) ( )

( ) 22

div div , ,

, , , ,

x y z xx x x yy y y zz z z

xx yy zz x y z x y z

f f ff ff ff ff f f ff f f ff f f

f f f f f f f f f f f f f

∇ = = + + + + + =

= + + + ⋅ = ∇ + ∇
 

5. Evaluate the surface integral 2 21
S

x y dS+ +∫∫  where S is the helicoid with vector equation 

( ), cos , sin ,r u v u v u v v=  and 0 1, 0u v π≤ ≤ ≤ ≤ . 

SOLN:  ( ) ( )

2

2 12 2

0 0

cos ,sin ,0 sin , cos ,1 sin , cos , 1

41 1
3

u v

S

r r v v u v u v v v u u

u dS u dudv
π π

× = × − = − = +

⇒ + = + =∫∫ ∫ ∫
 

6. Let 2 2 2sin , 2 , cosF a z bxy x y x z z= + −   

a. Compute, in terms of the constants a and b the work done by the vector field F  along the  
portion of the helix ( ) cos ,sin ,r t t t t=  from (1,0,0) to (1,0,2π) 
SOLN:  

2 2 2 2 2

0

2 2 3 3 2 2

0

22 2 2 2 3
4 4

0 0 0 0 0

sin cos sin ,2cos sin ,cos sin ,cos ,1

sin cos sin 2cos sin cos

sin 2 1 1 sin 2sin cos
2 4 4 2 2 4 3

C
F dr a t b t t t t t t t t dt

a t b t t t t t t dt

t t t t ta b t t

π

π

ππ π π π

⋅ = + − − =

= − − + + −

⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − − − + − + + + ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

∫ ∫
∫

( )
381

3
a ππ= − −

 
b. Compute ( )curl F .  Show that F  is conservative only if a = 1 and b = 2. 

SOLN:  ( )curl 0, cos cos ,4 2 0,0,0F a z z xy bxy= − − =  only if a = 1 and b = 2. 



c. Find the potential function for F  using a = 1, b = 2 and verify your answer to  
part (a) using the Fundamental Theorem of Calculus. 

SOLN:  
( )

( ) ( ) ( )( ) ( ) ( ) ( )( )

2 2 3

0

3

1, , sin sin ,cos ,1
3

82 , 2 , 2 0 , 0 , 0
3

C

f x y z x z x y z f dr f t t dt

f x y z f x y z

π

ππ π π

= + − ⇒ ∇ ⋅ = ∇ ⋅ −

= − = −

∫ ∫
 

 
7. Evaluate 

S

xdS∫∫  where S is the part of the plane z = x  that lies above the square  

with the vertices (0,0),  (1,0), (0,1) and (1,1). 

SOLN:  
1 1

0 0

22
2S

xdS x dxdy= =∫∫ ∫ ∫  

8. Let 3 4 2 2 4 2 3 32 ,3 , 4F xy z x y z x y z= ,  Evaluate 
C

F dr⋅∫  where C is the elliptical path 

( ) cos ,sin ,cosr t t t t=  

SOLN:  This is (almost obviously) the gradient field for the potential function ( ) 2 3 4, ,f x y z x y z= , thus  
it is a conservative vector field and the path integral around any closed path is zero.  It’s also possible to 
compute the curl, which is also the zero vector. 
 
Oh no!  It seems some of you wanted to compute this thing directly…well: I’ll try: 

( ) ( )( )
( )

2 5 3 6 2 5 3

0

2 2 225 4 7 2 4 7

0 0 0

0 122 4 7

0 1

2cos sin ,3cos sin , 4cos sin sin ,cos , sin

6cos sin 3cos sin 6 1 sin sin cos 3cos sin

6 1 3 0

C

F dr t t t t t t t t t dt

t t t t dt t t t dt t tdt

u u du v dv

π

π π π

⋅ = ⋅ − −

= − + = − − +

= − − − =

∫ ∫

∫ ∫ ∫

∫ ∫



 
9. Another statement of Stokes’ theorem goes like this:  

Let S be the graph of the function z = f (x, y) , where f(x, y) is defined on some region S* for which  
Green’s Theorem is true. Further, let ( ) ( ) ( ) ( ), , , , , , , , , ,F x y z P x y z Q x y z R x y z=  be a vector field  

on S. Then, under suitable differentiability and orientation assumptions, the following holds  
( ) ( ) ( )ˆ cos cos cosy z z x x yS

S D

F Tds F n dS R Q P R Q P dAα β γ
∂

⎡ ⎤⋅ = ∇× ⋅ = − + − + −⎣ ⎦∫ ∫∫ ∫∫   

Where the directional cosine version of the unit normal, ˆ cos ,cos ,cosn α β γ=  is used.  
Proof:  According to the hypotheses, the surface S is given by z = f (x, y) where  f (x, y) is defined on  
some region S* in which Green’s theorem is true.  Let ( ) ( ) ( )* , , , ,F x y x y x yη ζ=  be the vector 
field on  S* given by   
 
( ) ( )( ) ( )( ) ( )
( ) ( )( ) ( )( ) ( )

, , , , , , , ,

, , , , , , , ,
x

y

x y P x y f x y R x y f x y f x y

x y Q x y f x y R x y f x y f x y

η

ζ

= +

= +
 

Note that this means 
y z y y x z y x xy

x z x x y z x y yx

P P f R f R f f Rf
y

Q Q f R f R f f Rf
x

η

ζ

∂
= + + + +

∂
∂

= + + + +
∂

 

10. Since f
x
y

x
yF ∇=−=

2,2

2

 where 
x
yf

2−
= , the work done by the force field F  in moving an 

object from ( )1,1  to ( )2,4 −  is ( ) ( ) ( ) ( )2 22 1
4, 2 1,1 0

4 1
f f

− − −
− − = − = . 

 
 

11. If 22 , yxyxF +−=  then the counterclockwise circulation of F  around the triangle with vertices 

( ) ( ) ( )1,1,0,1,0,0  is, by Green’s theorem, 12 ==
∂
∂

−
∂
∂

=⋅ ∫∫∫∫∫
DD

c
dAdA

y
P

x
QdrF ..Joule, or some of 

energy.  The outward flux is 

∫ ∫∫∫∫∫∫∫ ==+=+=⋅∇=⋅
1

0

1

0

2

0
132222 dxxdxdyyxydAxdAFdsnF

x

DD
c

. 

 
 

12. a)  A field is conservative if its curl is zero.  Here, 

( ) 0sinsin00

sincos

ˆˆˆ

curl =+−−=

−
∂
∂

∂
∂

∂
∂

= yeye

zyeye
zyx

kji

F xx

xx

, so yes, it’s conservative. 

 
b)  For ( ) 17,, +++= yzxzxyzyxf , yxzxzyf +++=∇ ,,  
 
 



13. The line segment  joining ( )0,0,0  and ( )4,3,0  can be parameterized by ( ) tttr 4,3,0= , 10 ≤≤ t .  

Thus 243636
1

0

2222 =+=++ ∫∫ dtttdzyyzdydxx
c

. 

 
 
 
 
 
 

14. The sphere can be parameterized by ( ) φθφθφφθ cos,sinsin,cossin, aaar =  so that a normal 
vector is given by 

0cossinsinsin
sinsincoscoscos

ˆˆˆ

θφθφ
φθφθφθφ

aa
aaa

kji
rr

−
−−=× φφθφθφ sincos,sinsin,cossin 22222 aaa= .  

Evaluating the vector field ( ) 2,,,, zxyzxzyxF =  on the surface of the sphere we have 

( ) φθφφθφφφθφθφ 2222 cos,sinsincos,cossincoscos,sinsin,cossin aaaaaaF =  
So the integrand for the flux integral is 

φφθφθφφθφφθφφ sincos,sinsin,cossincos,sinsincos,cossincos 222222222 aaaaaa ⋅

( ) ( )φφφφφφθφφθφφ 334323234 cossinsincoscossinsinsincoscossincos +=++= aa .   

Thus the flux is ( )
4 4/ 2 / 2 / 24 3 3

0 0 0
cos sin sin cos cos sin

2 4
a aa d d d

π π ππ πθ φ φ φ φ φ φ φ φ+ = =∫ ∫ ∫  

 
 

15. The divergence (Gauss’) theorem says that the flux is 
( )∫ ∫ ∫∫∫∫∫∫∫∫∫ +=+=⋅∇=⋅

π π
φθρφρθφρ

0

2

0

2

0

2 sin1cossin212 ddddVxdVFdSF
EES

( ) ∫ ∫∫ ∫ ∫ =+=+=
π ππ π

φθφθφφθρφρθφρ
0

2

0

2

0

2

0

2

0

223 sin
3
8cossin8sincossin2 ddddd

3
32sin

3
16

0

πφφπ π
== ∫ d . 

 
 

16. By Stoke’s theorem, 

( ) ( )∫∫∫ ∫ −⋅+=⋅=⋅×∇
∂

π2

0

2/3422 0,cos2,sin31sin,sin16cos9,sincos18ˆ dtttttttdrFdSnF
S S

( )( )( ) ( )∫∫∫ +−+−=+−+−
0

0

242

0

22

0

2/34222 991622sin6cossin16sin192sincos54 duuutdtdtttttt
ππ

2
274cos1

4
272sin

2
27 2

0

2

0

2 πππ
−=−−=−= ∫∫ dtttdt . 


